We analyse the topological transition and localization evolution of disordered two dimensional systems with non trivial topology based on bipartite lattices. Chern insulators with broken time reversal symmetry show non standard behavior for disorder realizations selectively distributed on only one of the sublattices. The Chern number survives to a much stronger disorder strength (one order of magnitude higher) than in the equally distributed disordered case and the final state in the strongly disordered case is metallic.
We analyse the topological transition and localization evolution of disordered two dimensional systems with non trivial topology based on bipartite lattices. Chern insulators with broken time reversal symmetry show non standard behavior for disorder realizations selectively distributed on only one of the sublattices. The Chern number survives to a much stronger disorder strength (one order of magnitude higher) than in the equally distributed disordered case and the final state in the strongly disordered case is metallic.
Introduction-summary. The metal insulator transition and the associated issue of the existence or not of metals in two dimensions [1] have fascinated physicists in the last century and have been the focus of intense debates and great advances in the understanding of low dimensional material physics. The interest of these materials is of special relevance today due to the inusual applications expected following the experimental capability of synthesising and manipulating layered compounds [2] . But also the fundamental physical aspects are still providing surprises mostly around the Dirac physics based materials and their related topologically non-trivial features. The issue of how electrons in a metal become localised by disorder in the presence of non-trivial topology started with the analysis of Landau levels in the integer quantum Hall effect and was rapidly adapted to other time reversal preserving topological matter [3] [4] [5] [6] . The standard classification of disordered classes [7, 8] based on the Altland-Zirnbauer sets of random matrices [9] was completed to include topological features and the "tenfold way" was set in Refs. 10 and 11.
Two dimensional (2D) topological insulators belong to class A (unitary) with time reversal symmetry broken or AII (symplectic) time reversal invariant. Prominent examples in these classes are the Haldane [12] and the Kane-Mele model [13] . They are characterized by a quantized Chern (or spin Chern) number C. The localization transition in these cases is accompanied by a topological transition between a topological (band) insulator and a trivial (Anderson) insulator. The topological transition of these classes is assumed to be well understood. The standard mechanism is referred to as "levitation and annihilation" [14] . For moderate disorder, an impurity band of localized state forms inside the gap and simultaneously the high energy states in the edges of the conduction and valence bands start to localize. As disorder increases, the gap is totally populated by localized states and the bulk extended states above and below the Fermi level carrying the Chern number shift toward one another and annihilate leading to the topological phase transition. The transition from a Chern to an Anderson insulator under a random potential disorder has been analyzed in Ref. [15] . In the standard classification there are also the chiral classes characterized by having sublattice symmetry. They are typically analized by adding random disorder to a bipartite lattice [16, 17] . Graphene belongs to this class and its localization properties have been studied at lenght [18] [19] [20] [21] . The localization behavior of Chiral classes is more complicated but they do not have associated topological invariants in two dimensions.
In this work we focus on the sublattice structure of the honeycomb lattice underlying 2D topological insulators and show that the critical disorder which signals the appearance of the final regime has an extraordinary sensitivity to the disorder selectivity over sublattices/orbitals. We see that, for disorder realizations affecting only one of the sublattices, the Chern number survives to a much stronger disorder strength (one order of magnitude higher) than in the equally disordered case and the localization transition never takes place. We exemplify our findings with the Haldane model [12] with two different types of disorder: Anderson disorder and vacancies. It is interesting to note that, although there are qualitative differences on the spectral evolution as disorder is increased, the two cases behave similarly and the important difference lies in the two possible disorder realisations.
We visualise the topological transition as a transition from the honeycomb (topologically non-trivial for finite Haldane mass) to the triangular (trivial) lattice within the same symmetry class. The "localization transition" is more complicated but in the limiting cases it occurs between a band insulator (topologically non trivial) and a metal, again without changing symmetry or dimensionality.
Model and methods. We use the Haldane model [12] as a generic example of a topologically non trivial system in symmetry class A. It was initially proposed as a tight binding model in the honeycomb lattice with complex next nearest neighbour (NNN) hoppings carefully adjusted so as to mimic a magnetic flux flowing in opposite directions through the two triangular sublattices. It was build to show the possibility to have Hall conductivity in zero external magnetic field and it is nowadays the prototype of a modern topological insulator. Interestingly, a physical realization of the model has been arXiv:1502.05026v1 [cond-mat.mes-hall] 17 Feb 2015 implemented in [22] . The Haldane model tight binding Hamiltonian can be written as
where c i = A, B are defined in the two triangular sublattices that form the honeycomb lattice. The first term t represent a standard real nearest neighbor hopping that links the two triangular sublattices. The next term represents a complex next nearest neighbor hopping t 2 e −iφij acting within each triangular sublattice with a phase φ ij that has opposite signs φ ij = ±φ. This term breaks time-reversal symmetry and opens a non-trivial topological gap at the Dirac points. We have done our calculations for the simplest case φ = π/2. The last term represents a staggered potential(η i = ±1). It breaks inversion symmetry and opens a trivial gap at the Dirac points.
We will discuss two types of disorder: Anderson and vacancy disorder equally or selectively distributed among the two sublattices. Potential (Anderson) disorder is implemented by adding to the Hamiltonian the term i∈A,B ε i c † i c i , with a uniform distribution of random local energies, ε i ∈ [−W/2, W/2]. For selected disorder the sum runs only over one sublattice. The same is done for vacancies which are introduced by removing a given lattice site and the hopping to its neighbors.
The Haldane model belongs to symmetry class A [10] where the different topological phases can be characterized by a Z-topological number, the Chern number C. In the clean system it can be computed from the single particle Bloch states u n (k) as:
where the integral is over the unit cell and Ω n z (k) is the z component of the Berry curvature:
When translational invariance is broken by disorder or any other perturbation, the Chern number has to be computed numerically in real space. The problem has been addressed in the literature and a number very efficient numerical techniques based on the use of twisted boundary conditions are now available [15, 23, 24] . We have calculated the Chern number for the bulk bands using the method in Ref. 24 .
The bulk density of states (DOS) have been computed using the recursive Green's function method as used for example in Refs. 25 and 26.
Results. As shown by many authors, a single vacancy induces a midgap bound state in the Haldane or Kane Mele model [27] [28] [29] [30] [31] [32] , while a density of vacancies induces an impurity band inside the gap [32] . Increasing the density of vacancies enhances the spectral weight inside the gap, which eventually closes for high enough vacancy density. In contrast, potential disorder localizes states near the band edges and generate a mobility edge [33] . We see that Anderson disorder (local random potential) and vacancies show quantitative differences only. The crucial difference is found between the two disorder realizations analyzed: Selective and equally distributed in the two sublattices. We summarize our results in two blocks of figures. The evolution of the Chern number with disorder strength encodes the topological transition. The various cases are shown in Figure 1 . The bulk DOS contains information on the localization behavior and is displayed in Figs. 2 and 3 .
We will first discuss the situation when impurities or vacancies are equally distributed in the two sublattices. The upper side of Figure 1 shows the behaviour of the Chern number with potential disorder as a function of the linear lattice size d for increasing disorder strengths W in units of t. In the left hand side the disorder is equally distributed among the two sublattices. We see that the Chern number is already well defined and stable at very small lattice sizes and it ceases to be quantized at a mild disorder strength (4t < W c < 5t), a behavior already found in the literature [24, 34] . Fig. 2 shows a comparison of the DOS of the Haldane model with Anderson disorder of the two cases: equal (blue) and selected disorder (red). The left hand side displays the DOS for weak disorder strength W = 2t well below the critical value for the topological transition of the case of equally distributed disorder. The two images are very similar. We see a well defined gap at zero energy and two peaks of similar intensity in the conduction and valence bands, a situation compatible with the standard picture of the mobility edge. The right hand side shows the DOS for a disorder strength W = 4t close to the critical value for the topological transition of the case of equally distributed disorder. There we see a clear difference between the two disorder distributions. For the selectively distributed case (red) the structure of the DOS is similar to the weak disorder case while in the equally distributed case (blue) the gap has disappeared and the DOS has flattened.
The behaviour of vacancy disorder equally distributed among the two sublattices is similar to that of the Anderson disorder. The evolution of the Chern number as a function of linear lattice size for various densities of vacancies is shown in Fig. 1 (lower left panel) . Notice the units in the vertical axis. The quantization disappears for a critical density of around 4-10 percent compatible with the standard mechanism of "levitation and pair annihilation" of the extended states carrying the Chern number [14] . A similar behavior has been reported in Ref. [35] for the case of vacancies. This mechanism is also supported by the analysis of the density of states depicted in Figure 3 . The left hand side shows the DOS of the Haldane model for various density of vacancies nv randomly but equally distributed in the two sublattices. It is apparent that vacancies induce a finite spectral weight inside the gap. As the disorder density increases the impurity band widens and the center of the conduction and valence band that host the extended states carrying the Chern number (1 and -1 respectively) move closer. At a density of vacancies around nv c ≈ 3% the gap closes (inset of Figure  3 left). The Chern number remains quantized up to a density of ≈ 8% where the 'annihilation" occurs. Similar behavior has been found in Ref. [35] although the critical density reported there is a bit different.
We will now discuss the results obtained for disorder selectively located in one of the sublattices. A comparison of the behaviour of the Chern number as a function of Anderson disorder strength for the two types of disorder: Selective and equally distributed in the sublattices is shown in the upper right hand side of Fig. 1 . The transition described above in the evenly distributed case (red squares) occurs sharply around W = 5t. For this value, the Chern number in the selective disorder case (blue circles) is still quantized to one. The topological transition occurs for disorder strengths one order of magnitude bigger (inset of Figure) (40t < W c < 50t) than in the equally distributed case.
Similarly, for the case of disorder in the form of vacancies selectively distributed (lower panel right) the Chern number is still very close to one for a density of vacancies of around 30 percent. This is to be compared with the equally distributed disorder in the two sublattices (left hand side) where the graphic departs from 1 already at a critical density around 12 percent. The density of states (right hand side of Figure 3 ) for selective vacancy disorder is also very different than in the previous case. Valence and conduction peaks do not move substantially as disorder increases and the behavior of the gap between the valence (conduction) and midgap bands is also different. As can be seen in the inset of Figure 3 (right) the gap decreases and reopens well before the Chern number ceases to be quantized what happens at a density of vacancies of around 30 percent ( right hand side of Figure 1 ). At this density there is a noticeable gap separating the midgap band from the conduction and valence bands.
The case of disorder distributed in only one sublattice requires an alternative explanation. We believe that both the topological transition and the localization mechanism are different in this case. The robustness to disorder of the extended states carrying the Chern number is related to the fact that one of the sublattices remains perfect. The component of the wave function corresponding to the "clean" sublattice stays delocalized in a way similar to the vacancy states of bilayer graphene described in reference 25. The fact that the topological transition in the vacancies case coincides with the percolation transition of the honeycomb lattice [36] (around 30 percent) points to the possibility that the topological transition occurs when the disordered sublattice is destroyed and the extended (Bloch) state is driven by the underlying triangular lattice that is topologically trivial.
The case of vacancies is very intuitive: In the limit when we have removed all the atoms in one of the triangular sublattices what remains is the extended wave function corresponding to the triangular sublattice. Let us emphasize that we should not confuse the triangular lattice with homogeneous complex hoppings, which break time reversal symmetry, with the familiar triangular (or hexagonal) lattice with real hoppings. A discussion of the transition between the honeycomb and two independent triangular lattices is done in the supplementary material.
Discussion and open issues. It is by now clear that topological features can change the localization behavior of the disordered electronic lattice systems. The topological transition (topological index going to zero or to a non-quantised value) and the localization transitions are related but do not occur, in general, at the same critical value of the disorder. In the "ten-fold" way classification of topological insulators [10] chiral classes (with well defined sublattice symmetry) do not support topological features in two dimensions and the issue of selective disorder (affecting only one sublattice) has only started to be explored [21] . The topological transition in the 2D (non chiral) classes is assumed to occur through "levitation and annihilation" [14] of the extended states carrying the topological index. The mechanism is less understood in the chiral (sublattice symmetry) classes [37] . In the one dimensional chiral case analyzed recently in Ref. [38] , the topological index C remains quantized and nonfluctuating even when the bulk energy-spectrum is completely localized and after the insulating gap has closed. C changes abruptly to a trivial value when disorder is further increased.
We observe a similar behavior for the Chern number C for selective vacancy disorder: C remains quantized up to a large disorder strength but in our case extended states remain present possibly all the way until one of the sublattices is totally destroyed. This type of disorder realizes the transition from honeycomb lattice physics with topologically nontrivial features to the two topologically trivial uncoupled triangular lattices. Our results for the selective disorder do not convey with the standard description of the topological transition based on "levitation and annihilation" of the extended states carrying the topological index.
Sublattice symmetry plays a very subtle role in 2D topological insulators. It is a necessary ingredient in a minimal model to support non trivial topology (a single band is necessarily trivial) but at the same time non trivial topology requires it to be broken by NNN hoppings or otherwise. Ultimately, it is this broken chiral symmetry that is responsible for the sensitivity to selective disorder.
We understand the topological transition as a transition from the honeycomb (topologically non-trivial for finite Haldane mass) to the two uncoupled triangular (trivial) sublattices within the same symmetry class. The "localization transition" is more complicated but in the limiting cases it is also between a Chern insulator (topologically non trivial) to a metal, again without changing symmetry or dimensionality. The localization transition in graphene with vacancies equally distributed among the two sublattices has been explored in some detail as a special example of chiral class [18] [19] [20] presenting some differences with the Anderson disorder. But the sensitivity of the localization transition to the sublattice selection has only been addressed more recently [21, 35] . The first of these works discusses the topological transition in the case of the time reversal symplectic class (KaneMele model). Our findings are qualitatively similar in the equally diluted case but differ in the selected dilution case. Ref. 21 analyses the localization properties of a 2D chiral systems (in particular in graphene) without topological features with emphasis on the selected dilution case. Our results can not be directly compared with theirs because the NNN complex hoppings make a big difference. Apart from being responsible for the topological non trivial features, in the case of selective vacancy disorder, NNN provide the connectivity of the unaffected triangular sublattice. In the extreme case when one sublattice is totally depleted, the remaining sublattice in our case is metallic with bands shown in Fig. 4 of the Supplementary material. It will be interesting to analyse the scaling behavior of the Haldane model along the lines of Ref. 21 . It is also interesting to note that the Haldane model with purely imaginary hoppings (φ = π/2) has particle-hole symmetry so that it belongs to class D whose Chern number also belongs to Z [39] . We do not expect significant differences in the results for the case of a general value of φ.
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